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^ ! 

^ I The investigation of the double slit experiment in which we have two micromaser cavities, each 
' one associated with one of the slits, was proposed before by Scully and Walther in a series of 



o I very interesting articles where they investigate the principle of complementarity and the uncertainty 
. principle Pl El E] and they conclude that the principle of complementarity is more fundamental than 
^ ! the uncertainty principle. Recently we have published an article jl] where we have got the same 
^ conclusion. In this article we proceed with a further investigation of the subject studied in |T. 
CT As in first we are going to consider a screen with two slits SLi (at Ci) and SL2 (at (2) with 
^ two cavities Ci and C2 behind respectively each slit, through which fly Rydberg atoms of relatively 
^ long radiative lifetimes jSj, and first prepared in coherent state \a)i and \a)2 [S^tSj respectively and 
later we consider the cavities prepared in an even coherent state and an odd coherent state |— )2 
respectively, where 

I ±)k =1 a)k± I -a)fc (1) 

j7]. We also assume perfect microwave cavities, that is, we neglect effects due to decoherence. 

Let us consider a three- level lambda atom interacting with the electromagnetic field inside a 
cavity where the upper and the two degenerated lower states are \a), \b) and |c) respectively, and 
for which the \a) ^ |c) and \a) ^ \b) transitions are in the far from resonance interaction limit. The 
time evolution operator U{t) for the atom-field interaction in a cavity Ck is given by |8J 

U{t) = -e*^"^^'^*|a)(a| + ^(e^'^'^^'^'^ + + ^(6^'^'^^'''= - l)|6)(c| + 

where (al) is the annihilation (creation) operator for the field in cavity Ck, ^ = 2(7^r/ A, g is 
the coupling constant, A = — cj;, — = 0;^ — cUc — is the detuning where Ua, ojh and ujc are the 
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frequency of the upper and of the two degenerate lower levels respectively and u is the cavity field 
frequency and r is the atom-field interaction time. For (p = it, we get 

U{t) = -exp(z7r4afc) |a) (a| + nfc,+ |6) (6| + nfc,_|6) (c| +Uk^_\c){b\ +Uk,+ \c){c\, (3) 

where 

nfc,+ = 1(6^™!'^'= + !), 

Ilk,- = i(e*™^'=-l), (4) 

and we have 



(5) 
(6) 



(7) 

which are easily obtained from Eqs. (0)) and using e^"^*"* = \e^a)k Pi- 
First consider cavities Ci and C2 behind each slit and prepared in coherent state \a)i and \a)2 
respectively. Before the atom Ai passes through the slits and cavities we have 

\^ito))A,-SL,-SL, = ^(|Ci) + lC2))|a)i|a)2|&i) = 

= ^(ICl) + IC2))^[|+)l + |-)l]^[|+)2+|-)2]IM- (8) 

After the atom Ai passes through the cavities Ci and C2 we get 

\^{to))M-c,-c, = ^[|Ci)(l&i)l+)i-|ci)|-)i) |a)2 + 

|C2)(|MI + )2-|Cl)|-)2)|«)l]. (9) 

Just before the atom strikes the screen at x, if f/(ti,to) is the time evolution operator, we have 

|M/(tl)U_C.-C. = ^f/(tl,to)[|Cl)(IMI + )l-|Cl)|-)l) |«)2 + 

lC2)(|&i)|+)2-|ci)|-)2)|a)i], (10) 

and 

{x\^ih))A,-C,-C, = ^[^Ci(^'^l)(l^l)l + )l-|Cl)|-)l) l«)2 + 

^C.(^,^l)(IMI + )2-|ci)|-)2)|«)l], (11) 
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where 

= {x\^{ti))A,-Cr-C, = {x\U{tuto)\'^{to))A,^C\-C2 

= (x|[/(ti,to)|Ci), (12) 
ijUx,h) = {x\U{h,to)\C2), (13) 

where we have dropped the subindexes Ci and C2. The probabihty density for detecting an atom at 
the position x on the screen is 



1 2 



AV2 



{\iP^,{x,h)f + \^^,{x,h)f + 



2Re['^l{x,h)iP^^{x,ti)[{bi\bi)2{a\+)2i{+\(^)i + 
(ci|ci)2(a|-)2i(-|a)i]} = 

{\iJCri^,h)f + \tpUx,t,)\^ + 



4^2 

2Re[ra{^,h)^^,{x,h){2 



_e-4KI _e-4|"2r)]}. 



(14) 



If we assume |ai| ,\a2\ ^ 1 we have 
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|^Ai(a;,ti) 



4^2 



{\^^,{x,h)f + \^^,{x,h)f + 4Re[rc,{x,h)^C2ix,h)]}. 



(15) 



The injection of a coherent state |a) in cavity C, is mathematically represented by D{f3)\a) = 
\a + (3) where D{(3) is the displacement operator D{l3) = e(^'^^~^*°') [SUHIE]- Now, lets us assume 
that after a three-level lambda atom Ai has passed through cavities Ci and C2 we inject | — a)i 
in cavity Ci and send a two- level atom A2 resonant with the cavity, where I/2) and {62) are the 
lower and upper levels respectively, through Ci. If A2 is sent through Ci in the lower state, under 
the Jaynes-Cummings dynamics |SIIS| we know that the state |/2)|0)i does not evolve, however, the 
state 1/2)1 - 2a)i evolves to |e2)|Xei) + |/2)|x/i), where = Y.Cm cos{gt^)\ni) and \xei) 

-iEC„,+isin(^tvVTT)|ni) and = e-|2"il'(-2ai)"Vv^. 



ni 



ni 



After we inject | — a)i in cavity Ci we get 



l*(to))^.- 



C1—C2 



1/2) 



aV2 
|ci)(|0)i 



[ICi)(l&i)(|0)i + |-2«)0- 



2a)i)) \a)2 + 



|C2)(|MI + )2-|Cl)|-)2)|0)l]|/2), 



(16) 



and after atom A2 has passed through Ci we can write the state of the system Ai — A2 — Ci — C2 
as follows 



l^(to))A.- 
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■A2-C1-C2 



A^/2 



[ICl)(IM(l/2)|0)l+|e2)|Xel) + |/2)|X/l)) 



|Cl)(|/2)|0)l-|e2)|Xel)-|/2)|X/l))) l«)2 + 
+ IC2)(|&l)l + )2-|Cl)|-)2)|/2)|0)l]. 



(17) 
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Now, before atom Ai strikes the screen, we detect atom A2 in the state |e2). Then we get 

\^{to))M-A,-C,-C, = -^[|Cl)(|&l)|Xel) - |Cl)|Xel)) \ah]. (18) 

Considering the evolution of atom Ai to the screen 

|^'(ti))^,_c,-c. = -^Uih,to)[\Ci)i\bi)\Xei) - \ci)\Xei)) |a)2], (19) 

and 

{x\^ih))A,-c,-c, = ^[(x|^Ci)(l^i)IXei) - |Cl)|Xel)) |a)2], (20) 
and, dropping the subindexes Ci and C2, 

\^AAx,ti)\' = \^PUx)\'- (21) 

Therefore, we conclude that atom Ai has passed through sht SLi and cavity Ci when we detect |e2). 

Now, lets us assume that just after atom Ai has passed through cavities Ci and C2 we inject 
I — a)i in cavity Ci and | — a)2 in cavity C2 send a two-level atom A2 resonant with Ci, where I/2) 
and 1 62) are the lower and upper levels respectively, through Ci, and a two-level atom A^ resonant 
with C2, where I/3) and jes) are the lower and upper levels respectively, through C2. If A2 is sent 
through Ci and ^3 is sent through C2 in the lower states, under the Jaynes-Cummings dynamics 
13 E] we know that the state \fj)\0)k does not evolve, however, the state \fj)\ — 2a)k evolves to 
\(^j)\Xek) + \fj)\Xfk), where \xfk) = Y.Cn^ cos{gty/n^)\nk) and \xek) = -i E Cn^+i sm{gty/nk + 1) \nk) 

and Cn, = e-|2"fel'(-2afe)"'=/v^ and where j = 2,3 and k = 1,2. 
After we inject | — q;)i in cavity Ci and | — a) 2 in cavity C2 we get 

\^{to))M-M-c,-c,\f)2\f)3 = ^[|Ci)(|&i)(|0)i + |-2«)0- 

|ci)(|0)i- I - 2a)i))|0)2 + 

|C2)(|M(|0)2+|-2«)2)- 
|Ci)(|0)2-|-2a)2))|0)i]|/2)|/3), 



(22) 



and after atom A2 interacts with Ci and atom ^3 interacts with C2 we get. 



*(to))A.-A.-A3-C.-C. = ^[ICl)(l&l)(l/2)|/3)|0)l + 

|e2)|/3)|Xel) + |/2)|/3)|X/l))- 
|ci)(|/2)|/3)|0)l- 

|e2)|/3)|Xel)-|/2)|/3)|X/l)))|0)2 + 
|C2)(|6l)(l/2)l/3)|0)2 + 
|/2)|e3)|Xe2) + |/2)|/3)|X/2))- 
|Cl)(|/2)|/3)|0)2- 

|/2)|e3)|Xe2)-|/2)|/3)|X/2)))|0)l]. 

(23) 
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Now, if we detect |e2) we get 



|*(to))A,-A3-C,-C. = ^[|Cl)(l^^l)l/3)|Xel) - |ci) l/s) |Xel)) |0)2] , (24) 



and the only possibility is to detect A2, in state I/3) and we get 

1 

V2 



*(to))A,-Ci-C. = 4[|Cl)(|&l)|Xel) - |Cl)|Xel))|0)2]. (25) 



Making use of 



we have 



—C1—C21 

= {x\Uih,to)\Ci), (26) 
|*^,(x,ii)|'= |V'ci(^,ii)|' (27) 



where we have dropped the subindexes Ci and C2. 
If we now detect |e3) we get 



mto))M-C.-C, = ^[|C2)(|6l)l/2)|Xe2) + |ci) I/2) |Xe2)) |0)l], (28) 



and the only possibility is to detect A2 in state I/2) and we get, 

1 

71 



^{to))A,-C,-C. = 4^[|C2)(|&l)|Xe2) + |ci) |Xe2)) |0)l]. (29) 



Making use of 



we have 



*Ai(a;,ti) = {x\U{ti,to)\^(to))A,-c^-C2, 

iPc2{x,h) = {x\U{h,to)\C2), (30) 



\^AA^,ti)f=\^U^,h)f (31) 



where we have dropped the subindexes Ci and C2. Notice that when we detect |e2) or {e^) the atomic 
state (of A2 or A3) gets disentangled of the cavity field state and one of the cavities evolves to the 
vacuum state (|0)i or 10)2). Note also that as we are injecting | — a)i in cavity Ci and | — a)2 in 
cavity C2 if atom Ai had not left its signature ((|Ci) + |C2))|q;)i |cK)2|fci) — ^ [|Ci)(|^i)|+)i ~ |ci)|— )i) 
|<^)2 + |C2)(|^i) |+)2 — |ci)|— )2)|tt)i]) in cavities Ci and C2 we would never detect states |e2) and 
163) since atoms A2 and A^, that had been prepared in states I/2) and I/3), would interact with the 
vacuum fields |0)i and |0)2. It is not possible to detect |e2) and |e3) simultaneously which would 
tell us that the atom Ai, detecting its trajectory on the classical level and behaving like a classical 
particle, had passed through both slits. We can detect only |e2) and I/3) which says that the atom 
Ai has passed through slit SLi or \es) and I/2) which says that the atom Ai has passed through slit 
SL2 (a particle-like behavior). 

Of course until we decide to get knowledge of the localization of the atom, everything behaves 
deterministically and the hole system evolves deterministically according to the Schrodinger equa- 
tion and entanglement, which manifest only on the quantum mechanical level, takes place. When we 
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decide to magnify things, that is, to come from the quantum level to the classical level, wc perform 
measurements using classical apparatus and the collapse of the wave function happens and indcter- 
minism takes place. According to this, of course, after atom A2 (or A^) has passed through cavity 
Ci (or C2) we are not sure if we are going to detect |e2) or I/2) in the case of atom A2. If instead of 
detecting |e2) we detect I/2) we get 

\^{to))M-As-C,-C, = -^[|Cl)(|fel)(l/3)|0)l + |/3)|X/l))- 



|ci)(|/3)|0)i-|/3)|X/l)))|0)2 + 
IC2)(|6l>(l/3>|0>2 + |e3)|Xe2) + |/3>|X/2))- 
|ci)(|/3)|0)2-|e3)|Xe2>-|/3>|X/2»)|0)l] 

Now, it is possible to detect atom A3 in states I/3) or lea). If we detect I/3) we get 

mo))A,-C,-C, = -^[|Cl)(|&l)(|0)l + |X/l))- 



(32) 



|ci)(|0)i-|x/i)))|0)2 + 

|C2)(|M(|0)2+|X/2))- 

|ci)(|0)2-|x/2)))|0)i] (33) 

and we cannot decide if atom Ai has passed through slit SLi or slit SL2. 
If instead of detecting I/2) we detect |e2) we get as we have shown above 

\^{to))M-As-C.-C, = ^[|Cl)(l?^l)l/3)|Xel) - |C1) 1/3) IXel)) 10)2] (34) 

and the only possibility is to detect A^ in state I/3) and we can conclude that atom Ai has passed 
through slit SLi and cavity Ci. 

Notice that if we do not send atoms A2 and A3 through Ci and C2 respectively, in order to get 
knowledge about which path the atom Ai has traveled we are left with the wave function 

|*(to)U,_c,-c. = ^[|Ci)(l&i)l+)i-|ci)|-)i) |a)2 + 

|C2)(|&i)l+)2-|ci)|-)2)|a)i]. (35) 

Then, inspecting this wave function we see that we have two contributions: (1) atom Ai has passed 
through cavity Ci and has left cavity C2 undisturbed or (2) atom Ai has passed through cavity C2 and 
has left cavity Ci undisturbed. Therefore, wc have a quantum superposition of this two alternatives 
and unless we perform a classical measurement to decide which path the atom Ai has followed we 
cannot state that it has passed through Ci or C2. The cavities just stores the information that atom 
Ai has passed through both the slits. The cavities permits us to have the potential to get which-path 
information in this experiment but they do not tell us which path was followed because we are still in 
the quantum level and to get which-path information we have to come to the classical level performing 
measurements as we have described above sending, for instance, two two-level atoms A2 and A^ and 
detecting their excited states by a classical apparatus. Therefore, we cannot say that the atom Ai 
has passed through just one of the slits. It has passed through both slits since it is a quantum object 
represented by a superposition of wave functions. Note that the interference fringes do not disappear 
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even though we have the potential possibihty of getting which-path information in the future which 
is stored in cavities Ci and C2. Without the cavities we get interference fringes because we do not 
have acquired even the potential possibility of deciding which path has been followed performing a 
classical measurement before the atom Ai strikes the screen. When the atom Ai strikes the screen, 
we can think it shines some light and we see in which point it has stricken the screen. Then at this 
point we come from the quantum level to the classical level and we have the collapse of the wave 
function. Without the cavities we say that we get the interference pattern because the atoms behaves 
as waves that interfere and we get the interference pattern, that is, we get regions on the screen that 
cannot be reached by atom Ai. With the cavities the atoms are still described by a wave function 
and behaves as a wave passing through both slits and cavities, but we must stress again that, in this 
case, we do not get interference fringes only if we perform a measurement using a classical apparatus 
before atom Ai strikes the screen to get which-path information. 

Now let us assume that cavities Ci and C2 are prepared in an even coherent state |+)i and an 
odd coherent state |— )2 respectively. Let us assume that we send three-level lambda atoms through 
the slits and cavities. Consider an atom Ai prepared in the state flying through the double slit. 
Before Ai crosses the cavities we have 

\^ito))A,.SL,-SL, = ^(ICl) + IC2))|+)l|-)2 I h), (36) 

and after it has interacted with Ci and C2, taking into account Q, 

1 

V2 

Now, writing 



^(to))A,-c.-c. = 4s(|Ci) I h) - IC2) I ci))|+)i|-)2. (37) 



^'Ai(a;,ti) = {x\Uiti,to)\'^ito))A,^Cr~c2, 
i^cA^M) = (x|f/(ti,to)|Ci), 

7/>f,(x,ti) = (a;|f/(ti,to)|C2), (38) 

where we have dropped the subindexes Ci and C2 and where x is a point on a screen in front of the 
double slit screen at a certain distance L from it, we have 

^aAx^U) = --^{V'ci(x,ti) I 61) -ij^^{x,ti) I ci)}. (39) 

and 

\^AA^,h)f = ^U^,{x,h)f + \^^,{x,t,)\% (40) 
since (ci | 61) = and if there were no cavities we would obtain 

|^^,(x,ti)|' = ^[|^Ci(^>^i)l'+IV^C2(a;,^i)l' + 2/?e{7/;^\(a;,ti)^C2(a;,^i)}], (41) 

which presents interference fringes. Therefore, when we place cavities Ci and C2 prepared in the 
states |+)i and |— )2 respectively, the interference fringes are washed out. This happens because the 
parity information of the cavities is transferred to the internal state of the atom. Notice that if we 
detect the atomic state of Ai after it has crossed the slits and before it strikes the detection screen at 
X and we find | 61), we can say that the atom has passed through slit SLi, and if we detect | ci), we 
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can say that the atom has passed through sht SL2 and we get which-path information (particle-hke 
behavior) detecting the atomic state. That is, assuming that the detection of the internal states does 
not disturb the external state of motion of the atom, in the case we detect | 61) we get 

\^A,{xM)?^\^cAxM)\\ (42) 
and in the case we detect \ c\) we get 

|^^,(x,ti)|' = |V^^,(x,ti)^ (43) 

Therefore, the cavities allow us to get which-path information. 

Now let us consider a four-slit experiment. We are going to consider screen SCi with slits SLi 
(at Ci) and SL2 (at C2), a screen SC2 with slits SL^^ (at ryi) and SL^^ (at 772) distant Li — v{ti — to) 
from SCi and where v is the atom velocity, and a screen SC^ distant L2 = v{t2 — ti) form SC2 and 
where the atoms are going to strike at a point x. Making use of \Tii){rii\+ 1^72) (^2! = 1) after the 
atom has passed through SLi (and Ci) and SL2 (and C2) and before the atom passes through slits 
SL3 and we have 

\^{h))A,-c,-c, = -^{\Vi){Vi\ + \V2){V2m{h,to)\Ci) I h) - U{hMC2) I Cl))|+)l|-)2 (44) 
After the atom has passed through SL^ and SL4 we have 

\^{h))A,-c,-c,-SLs-su = ■^{{vi\U{ti,to)\Ci) \h)\rji) + {rj2\U{h,to)\Ci) \ bi)\rj2) 

- (r/i|^(ti,to)|C2)|ci)|m)-(??2|^(ti,to)|C2) |ci)|r/2))|+)i|-)2 (45) 

iPcAvuh) = {vi\Uih,to)\Ci), 

iPcAV2,ti) = {r]2\Uih,to)\Ci), 

^C2{r}iM) = (r/i|^(^i,^o)|C2), 

i^C.{r]2M) = (r72|t/(ii,io)|C2), (46) 

\^{ti))A^-C^-C2-SL^-SU = ^(^Ci(^i'ii)l^i) I ^1) +^Ci(^72,tl)|r/2) I hi) 

- i^C2{r]iM)\r]i)\ci)-i^^,{r]2M)\r]2)\ci))\+)i\-)2 (47) 

We now let the atom evolve toward screen SC^ and be detected at x and we have 

1 

{x\^{t2))Ai-Ci-C2-SL3-su = -^{i^Cii'ni,h){x\U{t2,ti)\r]i) \hi) +i)^^{r]2,ti){x\U{t2,ti)\ri2) | 61) 

- 'il^cMM){x\U{t2M)\r]i)\ci) - ^^2{r}2M){x\U{t2M)\ri2) \ Ci))|+)i|-)2 

(48) 



Now writing 



we have 



and we write 



ll^Vi(^:t2) = {x\U{t2,ti)\r]i), 

'^V2(^,t2) = {x\U(t2,ti)\r)2), 

V'r,i(^'^2) = {x\U(t2,ti)\r]i), 

i^mixM) = {x\U{t2M)\r]2), (49) 
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and we have 

{x\'^{t2))A^~Cr~C2-SLs-SU 



Dropping the subindexes Ci, C2, SL3 and SL4 we finally have the probability of the atom be detected 

at X 

\A2{Vl,tl)f \-^rjAx,t2)f + \^(;2{V2,tl)f \llJr,2{x,t2)f + 

2Re[{rcM^h)^^,{V2,ti)+rcM'h)^UV2,ti)^^^^^ (51) 

From the above expression we see that if we have two sharp peaks centered on r]i and 772, that is, if 
'4'Ci{V2,ti) = 'ipC2{Vi,ti) = and %(?7i,ti) 7^ and ^^2(^2,^1) 7^ we get 

|^A,(x,t2)|' = ^{|^Ci(^l.^l)l'Ki(x,t2)|' + |V^C2(^2,tl)|'|V^r,.(x,t2)|'} (52) 

and we have no interference. However, if t/^^j (772, ti) 7^ and '?/'^2(?7i, ti) 7^ the interference term in 
(jM]) will not vanish. 

Concluding, we can have a setup in which the mere introduction of a two-slit screen on the way 
of atom Ai to the detection screen makes the observable behavior of atoms quite different of classical 
particles even in the situation in which the atoms were going to present a particle-like behavior. Of 
course Quantum Mechanics is the fundamental theory and all particles must behave according to it. 
Considering that the momentum of a particle is given by p = h/X we see that for classical particles, 
as the mass m is large, the momentum p = mv is also large. Due to smallness of the Planck constant 
h and the largeness of the momentum p, the wavelength A will be extremely small and this is why 
we do not observe interference for classical particles. More importantly, we notice that in Ref. [2j 
it is stated: "...The mere fact that we could in principle have which-path information is enough to 
rub out the fringes..." This is true for the systems studied in PUHlll]- In these references, the mere 
presence of microwave cavities behind the slits wash out the interference fringes even though we do 
not make any direct measurement to get which-path information. However, the previous statement 
a strong one and is not always true as we have seen in the present article. We have seen above that if 
the cavities are prepared in a coherent state, we can get which-path information but the interference 
fringes do not vanish due to only the presence of the cavities behind the slits. The fringes disappear 
only when we perform a measurement, after the atoms had passed through the cavities, and we get 
which path information. Therefore, we stress that the potential to get which-path information does 
not always destroys the interference fringes as we see in the case studied in the present article in 
which the cavities are prepared in a coherent state. 
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